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IN1RODUCTION 
In the course of processing and use of modern composites it is desireable to be able to 
detennine estimates of their elastic properties. Elastic property infonnation available during 
processing could be used to detennine the state of cure of a composite. This would make 
possible feedback control of the cure process, thus helping to insure unifonn materials. 
Knowledge of the elastic properties over time of in-use structures such as aircraft, marine, 
and rocket motor components would also allow quantitative health monitoring of these critical 
devices. 
Existing ultrasonic methods of elastic property detennination typically rely on multiple 
measurements at various orientations and angles of incidence. These methods are acceptable 
for research purposes but are impractical for routine implementation as part of a processing or 
inspection system. We have developed an ultrasonic technique capable of real-time 
estimation of elastic properties. The technique utilizes point source excitation and an array of 
point receivers. The frrst arrival of energy is the measured quantity. This is a relatively 
simple and robust measurement. 
The general elastic stiffness matrix contains 21 independent elements and, as one would 
expect, not all of them are equally well detennined There is, however, sufficient 
information in the measured energy velocity surface to detennine many of them. 
The fundamental approach is to transmit with a point source on one side of the material and 
measure the frrst arrival of energy on the opposite side of the material. It is not necessary for 
the point source to radiate compressional waves uniformly in all directions. It is sufficient to 
transmit just enough energy in all directions to be detectable above background noise. This 
condition can be checked by transmitting in an isotropic media where spherical waves will 
generate a well defined (and easily calculated) hyperbolic energy velocity surface at a planar 
array of receivers. The next step is to transfonn the energy velocity surface to the phase 
slowness surface. At this point we have phase slowness as a function of horizontal and 
vertical distance from the transmitter. The last step is to use the Christoffel equation to solve 
for the stiffness elements as a function of direction cosines. This is a nonlinear relationship 
and as such requires an iterative solution. The solution converges very rapidly and, in any 
event, the computation is very fast for each iteration. The entire process, from frrst arrival 
measurement to stiffness element determination, takes less than 50 ms on a reasonably fast 
workstation. In addition to elastic element determination the algorithm also performs a 
sensitivity analysis which informs the user which elastic elements are well defined by the data 
and what must be done to the data acquisition scheme to improve the estimates. 
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THEORETICAL DEVELOPMENT 
The fully anisotropic elastic wave equation can be written compactly as 
T d2 [L cL - p-] U = -S 
at2 (1) 
where: 
~O 0 
dX 
O~O dy 
o O~ 
L= dZ O~~ Cll C12 C13 C14 C15 C16 
dZdY C22 C23 C24 C25 C26 
~O~ c= C33 C34 C35 C36 dZ dX C44 C45 C46 
~~O S Y M C55 C56 
dYdX 46 , 
Displacement U =m~l, and Source S =l~a 
The ultrasonic, and general mechanical, behavior of a material is determined by tlte elements 
of the elastic stiffness matrix (the c matrix) and the density (p). Inversely, by measuring tlte 
amplitude and travel time of an ultrasonic disturbance in a material we can hope to obtain 
information about tlte properties of tltat material. Equation (1) shows the formulation for 
tltree dimensional scattering. The remainder of this article will show results for tlte two 
dimensional case. 
Figure 1 shows a snapshot in time of an elastic wave propagating tltrough an isotropic 
material. The compressional wave has a spherical wavefront. For tltis wave tlte phase 
velocity and energy velocity surfaces coincide. The relationship between the energy velocity 
and the phase velocity is explained by Auld [1]. Figure 2 depicts the energy wavefront as it 
propagates through a uniaxial material whose fast direction is horizontal in the figure. Figure 
3 shows the wavefront as it would appear propagating through an anisotropic material whose 
fast direction is vertical in the figure. Figure 4 is the wavefront propagating through 
generally anisotropic material. The energy velocity and phase velocity surfaces do not 
coincide for tltese last three materials. The energy velocity is obtained by dividing the 
known distance between the transmitter and receiver by the measured travel time of the wave. 
The phase velocity , V p. is tlten obtained from the energy velocity, Ve from 
(2) 
where \jf is the angle between the direction from tlte transmitter to the receiver and the normal 
to the phase front. The wave slowness is defined as S = IN p' The wave slowness is the 
quantity which is ultimately used to determine tlte elastic properties. 
An analytical expression tltat can be used to obtain tlte slowness in terms of the direction 
cosines, (Ix and lz), of the propagation vector and the elements of the stiffness matrix is the 
Christoffel equation. The Christoffel equation, written in matrix form, is 
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Fig. 1. Snapshot of an elastic wave propagating through isotropic material. 
Fig. 2. Snapshot of an elastic wave propagating through orthotropic material. The fast 
direction is horozontal in the figure. 
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Fig. 3. Snapshot of an elastic wave propagating through orthotropic material. The fast 
direction is vertical in the figure. 
Fig. 4. Snapshot of an elastic wave propagating through generally anisotropic material. 
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SYMMETRIC 
The slowness is given by k/ro and Vij = Cij/p. Let S=k/ro and rewriting the above expression 
more compactly we have, 
Letting the detenninant equal zero and solving for the slowness we get, 
If 
S2 = (a+y)±(a2-2aY+-r+4e2) 2 
2(ay-e2) 
(3) 
(4) 
This expression will result in two positive roots. Take the smallest root; the largest real root 
is associated with the shear wave slowness surface. The time for the phase slowness surface 
to arrive at receiver R; is 
- ,.JS2 * di . tRi - smallest stance 1. (5) 
This calculated time surface is differentiated with respect to the stiffness matrix elements and 
parameter changes are applied to minimize the difference between calculated time surface and 
the measured time surface. 
RESULTS 
Figure 5 shows the first arrival (energy velocity) wavefronts measured on a uniaxial 
carbon / graphite specimen. One plot shows first arrivals parallel to the fiber direction, the 
other shows first arrivals petpendicular to the fiber direction. These first arrivals are 
transformed into wavefronts in space as shown in figures 1 through 4. These velocity 
surfaces are the transformed to phase velocity surfaces as described above. Figure 6 shows 
the slowness surface obtained from the measured travel times for the data set taken normal to 
the direction of the fibers. Figure 7 shows the data fit improvement at each iteration and the 
resulting stiffness matrix elements for the data collected parallel to the fiber direction. Figure 
8 shows the data and results for measurements normal to the fiber direction. These figures 
also show the elastic stiffness elements (Vij'S actually) determined by this process. 
CONCLUSION 
The use of an array of point ultrasonic receivers operating in conjunction with a point 
transmitter in through transmission mode can be used to obtain estimates of the elastic 
properties of materials. The method is robust and mathematically stable. While not all of the 
stiffness elements are well determined, sensitivity estimates are provided which derme 
parameter confidence intervals for these properties. The method is suffIciently fast (less than 
50 ms per data set) to be implemented in a practical inspection or cure monitoring scheme. 
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Array Travel Time Data 
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Fig. 5. Arrival times vs receiver position: a) arrival times normal to the fibers, b) arrival 
times parallel to the fibers. 
Travel Time and Associated Slowness Surface 
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Fig. 6. Arrival times vs receiver position and the corresponding slowness surface for data 
taken normal to fibers. 
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Data Fit Parallel to Fibers 
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Fig. 7. Convergence from initial guess to final elastic stiffness elements for data taken 
parallel to fibers. Final c matrix is shown in upper right. 
Data Fit Normal to Fibers 
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Fig. 8. Convergence from initial guess to final elastic stiffness elements for data taken 
normal to fibers. Final c matrix is shown in upper right. 
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